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ABSTRACT

This paper is a continuation of [14] and deals with metric isomorphisms of
Markov shifts which are finitary and hyperbolic structure preserving. We prove
that the B-function introduced by S. Tuncel in [15] is an invariant of such
isomorphisms. Following [5] this result is extended to Gibbs measures arising
from functions with summable variation. Finally we prove that, for any C*
Axiom A diffeomorphism on a basic set (), and for any equilibrium state
associated with a Holder continuous function on {1, the Markov shifts arising
from different Markov partitions of €} are isomorphic via a finitary, hyperbolic
structure preserving isomorphism. This fact leads to a rich class of examples of
such isomorphisms (other examples are provided by finitary isomorphisms of
Markov shifts with finite expected code lengths — cf. [14]).

1. Introduction

This paper continues the investigation in [14] of measure preserving isomor-
phisms of Markov shifts which respect the hyperbolic structure of the shift spaces
almost everywhere. As was shown in [14], a hyperbolic structure preserving
isomorphism ¢ : X, — X, of two Markov shifts T, and T, on shift spaces
(Xp, mp) and (Xo, my), respectively, need not be finitary, and finitary isomor-
phisms of T, and T, need not preserve their hyperbolic structures. However,
there exists a class of finitary isomorphisms which preserve the hyperbolic
structures of the shift spaces, the so-called isomorphisms with finite expected
code lengths. Finitary isomorphisms with finite expected code lengths were
studied by W. Parry, W. Krieger and the author in several papers (cf. [7], [8], [9],
[13]), in which various obstructions to the existence of such isomorphisms were
obtained. All the invariants providing these obstructions turned out to be
invariants of a more general class of finitary isomorphisms which is characterized
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by the condition that certain functions associated with the isomorphism (the
functions a*, m%, a,- and m.- described in Section 2 of this paper) should be
finite a.e., but there did not seem to be a natural interpretation of this finiteness
condition in terms of the topological or coding properties of the isomorphism.
Some of these invariants (the groups I'» and Ap, the distinguished generator of
the quotient group I'» /A, and the information cocycle) were shown in [14] to be
invariants of the hyperbolic structure of the Markov shift and to have nothing to
do with any finitariness assumptions, but others (in particular the B-function of
the Markov shift introduced by S. Tuncel in [15]) remain tied to this finiteness
condition.

In this paper we prove that, for a finitary isomorphism ¢ : Xp — X, of two
ergodic Markov shifts T, and To, the finiteness of these functions a*, m¥, a;-
and mj- is equivalent to ¢ being hyperbolic structure preserving. Hence the
B-function of a Markov shift is an invariant of finitary, hyperbolic structure
preserving isomorphisms. In particular, distinct Bernoulli shifts cannot be
isomorphic in this manner (cf. [13]). The methods used in this paper yield these
results in “asymmetric”’ form, thus allowing conclusions about the particular
direction in which a metric isomorphism of Markov shifts must fail to be both
finitary and hyperbolic structure preserving. Earlier asymmetric results concern-
ing Ap, I'» and the information cocycle can be found in [7] and {14]. Here we
show that, if there exists a metric isomorphism ¢ : X, — X, of two Markov
shifts Tp and T, which is continuous when restricted to a set of full measure and
which sends (up to a null set) the stable and unstable manifolds of every point x
in X, into the stable and unstable manifolds of ¢(x) in X, then the 8-functions
Br and Bo of the two shifts satisfy that B, (t) = Bo(t) for every t ER (Theorem
5.1). This result about the B-function is shown to hold more generally for finitary
hyperbolic structure homomorphisms which preserve Gibbs measures arising
from functions with summable variation (Theorem 6.2). An earlier result in this
direction was obtained by A. Harding in [5], where it was shown that the
B-function is invariant for finitary isomorphisms of such Gibbs measures with
finite expected code lengths. The proof of Theorem 6.2 is quite similar to that of
Theorem 5.1, but technically more involved. In the interest of conceptual clarity
we present the proofs for Markov measures in full in sections 4 and 5 and restrict
ourselves to indicating the changes necessary when dealing with Gibbs measures
in section 6.

The last section also shows how finitary, hyperbolic structure preserving
isomorphisms of Markov shifts equipped with Gibbs measures arise naturally in
a geometric context: consider an Axiom A diffeomorphism, restricted to a basic
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set (), with an equilibrium state arising from a Hoélder continuous function
x : Q—R. Then any two Markov shifts associated with different Markov
partitions of ) are isomorphic in this manner. Furthermore, consider two Axiom
A diffeomorphisms f, i = 1,2, restricted to basic sets {};, with equilibrium states
arising from Holder continuous functions on (2. If these diffeomorphisms have
Markov partitions which give rise to Markov shifts which are isomorphic via a
finitary, hyperbolic structure preserving map, then there exist null sets N; CQ;
and a measure preserving homeomorphism ¢ : Q) \N, = L\N, with ¢ - f, =
f>- ¢ on £\ N, and such that, for every x €(},,

tP(Wi\Nn):Wfp(w)\Nz and 'JI(WZ\N1)=W1(N>\N2,

where W;, and W, are the stable and unstable manifolds in €); of a point & € ().
For a hyperbolic, linear automorphism A of the n-torus R"/Z" one obtains the
existence of a null set NCR"/Z" and of a homeomorphism
Y:R"/Z'\N—->R"/Z"\N such that y- A =A""-¢ on R"/Z"\ N and

Y(WLAN)= Wi, \N, Y(WiA\N)=W,.,\N forevery w ER"/Z".

Note that W, and W may have different dimensions.

2. Finitary isomorphisms of Markov shifts

Let P=(P(i,i"),1=ii'=k), k =2, be an irreducibie, stochastic matrix and
let p"=(p(i),1=i=k) be its left eigenvector with eigenvalue 1 and
Szizp (I)=1. We write X, for the space of sequences x =
(x,n€Z)E{,. .., k}* with P(x,, x...)>0forall n €EZ, denote by T, : X, > X,
the shift (Tpx), = X,.;, and define a T,-invariant Markov probability measure m,
on X, by setting

2.1 mp(C) = p~(ip)P(iv, 1) - - - P(is-1, is)

for every cylinder set C =[iy,...,i], ={Xx € Xp : X,um = im for 0=m =s}. The
automorphism T, of the probability space (Xp, m,) is ergodic and is called the
Markov shift associated with the stochastic matrix P. If Q = (Q(j,j"),1=j,j'=1)
is another irreducible, stochastic matrix and T, the associated Markov shift on
the shift space (Xo, mo), the shifts T, and T, are said to be isomorphic if there
exists a measure preserving isomorphism ¢ : X, — X, with

(2.2) T, = Top me-a.e.

An isomorphism ¢ : Xp — X, satisfying (2.2) is called almost continuous if
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there exists a null set Np C X; such that the restriction of ¢ to Xp\E; is
continuous, and finitary if both ¢ and ¢ ' are almost continuous. An isomor-
phism ¢ is almost continuous if and only if there exists a shift-invariant null set
Np C X, and functions a,, m, : Xs \ N, — N with the following properties.

2.3) The restriction of ¢ to X, \ N; is continuous and injective,
(2.4 o(Tex) = Top(x)  forevery x € Xp \ Np,
2.5) <p(_x)0= o(x) for all x,x'.E Xe \ N
withx, =x/ for —m,(x)=i=a,(x),
and

the functions a,, m, are “‘minimal” in the sense that,
(2.6) whenever a,, m,: Xp \ Np — N satisfy (2.5), then
a(x)Za,(x)and m(x)= m,(x)forall x € Xp \ Np.

Note that the functions a, and m, must be continuous on X, \ N». Put, for
every x € Xp \ Np,

@ a3(x) = sup (,(T¥"x)~ n)
and
@8) m(x) = sup (m, (T#x) = n)

(cf. [7], [9] and [13]). Since

2.9) a*(Tr'x)=sup(a,(Ts"x)—n)+1=al(x)+1
nz!

and

(2.10) m*(Tex) =sup(m,(Trx)—n)+1=mi(x)+1
n=l

for every x € X \ Np, the sets

2.11) Ar={x E Xp\Np:ak(x) <o}
and
2.12) M, ={x € Xp \ Np : m¥(x) <}

are Tp-invariant. For every x, x' € Ap with x; = x| for i = aj(x),
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(2.13) o(x); =e@(x), forallj=0.
Similarly, if x, x' € M, and x; = x| for i Z ~ m}(x), then
(2.14) e(x); = o(x); forall j =0.

If ¢ is finitary we denote by Ng, a,-', m,~: Xo \ No —N, a;- and m;- the
corresponding objects for ¢ ', and we may assume that ¢ is a homeomorphism
of Xp\ N onto X, \ No.

3. Hyperbolic structure preserving isomorphisms

Let P =(P(i,i"),1 =i, i’ = k) be an irreducible, stochastic matrix and let T, be
the Markov shift on the probability space (Xp, mp). For every x € Xp and n €Z
we put

(3.1 WiyP,n)={x'"E€Xp:xi=x forall k = n}
and
3.2) WP, n)={x"€ Xp:xi=x, forall k = n}.

The stable and unstable manifolds W and W; of x are given by

(33) Wi = Uz WP, n)
and
(3.4) wi= U W¥P, n).

nEeZ

If (Q(,j",1=j,j = 1) is another irreducible, stochastic matrix, T, the corres-
ponding Markov shift on (Xo, mo), and ¢ : X, — X, a measure preserving
isomorphism satisfying (2.2) then ¢ is called a hyperbolic structure homomor-
phism if there exists a null set E, C X, such that

(3.5) e(WI\Ep)C Wy,
and
(3.6) (W Ep)C Wi,

for every x € Xp. If null sets Er C X, and Eq C X, can be chosen so that
G.7) e (WA Ep)= Wi\ Eq

and
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(3.8) (p(Wi\ EP) = Wfp(x)\ Eo

then ¢ is said to be hyperbolic structure preserving — cf. [14]. Following [14] we
define equivalence relations Ry, R»C Xp X Xp by setting, for every x € Xp,

(3.9) Re(x)= U (Wi W)
and
(3.10) Ryx)= Win Ws,

where Rp(x) and Ri(x) are the equivalence classes of a point x € X in the
relation Ry and R, respectively. These equivalence relations are nonsingular,
and the Radon-Nikodym derivative r» : R, — R, of R; is given by

G11)  rox)=dme(x)dme(x)= [l Plx,x.) /SH PO xl)

~m=s=n—1
for every (x,x') € Ry, where m, m', n, n' are natural numbers satisfying
(3.12) Xemes =X ee AN Xnss = Xioas

for all s =0 (cf. [14], (2.6) and (2.9)). From (3.5), (3.6), (3.9) and (3.10) it is clear
that

(3.13) @(Rp(x))CRo(x)) and @(RHx))CRo(e(x))

for mp-a.e. x € Xp, where the subscript Q indicates the corresponding objects
on X,. We write Gy (resp. Fp) for the group of all nonsingular automorphisms V
of (Xp, mp) which satisfy that Vx € Rp(x) (resp. Vx € R{x)) for me-ae.
x € Xp, and denote by F} the subgroup of measure preserving elements in F.
Formula (3.13) shows that

(3.14) ¢Grp ' CGo, ¢Fpp™'CF, and ¢F%p  CFo.

4. Finitary isomorphisms which preserve the hyperbolic structure

4.1, THEOREM. Let P and Q be irreducible, stochastic matrices and let
¢ : Xp — X, be an almost continuous isomorphism of the associated Markov shifts
T, and T,. Choose a null set Ny CXp and functions a,, m,:Xp\Np—N
satisfying (2.3)-(2.6) and define a’, m%: Xp \ N, >N U {»} by (2.7) and (2.8).
The following conditions are equivalent:

(1) ¢ is a hyperbolic structure homomorphism,

(2) the functions a’%, m? are finite me-a.e. on Xp.
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Proor. First assume that ¢ is almost continuous and that a% and m? are
finite a.e. The proof of Proposition 4.4 in {14] shows that ¢ is a hyperbolic
structure homomorphism. In order to prove the converse we assume that
¢ : Xp —> X, is almost continuous and a homomorphism of the hyperbolic
structures of X, and X,. Suppose, for example, that a’ =~ on a set of positive
measure and hence, by Section 2, mp-a.e. Let ap ={[1]o,...,[k]o} be the state
partition of X, and let, for every n €EZ, o»(n) be the o-algebra generated by
{Ts"ap: m = n}. We write {v$": x € Xp} for the decompositions of the meas-
ure mp with respect to the o-algebra &p(n) and define the corresponding
objects ag, Ho(n)and {v{*”: y € X,} for the space Xo. Since ¢ is a hyperbolic
structure homomorphism we know that, for me-a.e. x € Xp, and for every n €Z,
P (U ez @ (Wew(Q, m)))=1. Hence we can find, for every £>0, an
integer M = M{(¢) €N such that, for every n €Z,

@.1) mp(D“(n,))>1—¢,

where

4.2) D*(n,£)={x € Xp : v (¢ (Wi(Q n — M)))>1-¢}
(cf. [14], (3.16) and (3.18)). For every n €Z we put

4.3) Fi(n)={VEF%:(Vx;)) = x;mp-a.e., forevery i = n}.

Let £ =4, choose M(3) according to (4.1) and (4.2), and put n = M(;). Suppose
that we can find an automorphism V € F5(M(;)) with the property that

4.4) Mpr({x € Xp : @(Vx);# @(x); forsome j =0}) = 1.

Since V € F{(M()), V preserves v for mp-a.e. x € X, and equation (4.4)
implies that

vIMIO(x' € Xp 1 0(x) € Wiw(Q,00h)
= vMU({x’ € WP, ME): o(Vx') € Wi(Q,00) <3

for mp-a.e. x € D“(M(),3). This violates our choice of M(;) and n = M) in
(4.1) and (4.2), and the resulting contradiction shows that a} <% mp-a.c.

The automorphism V is constructed by an exhaustion argument. Suppose that
we have defined V on a subset E C X;, and that V has the following properties
there:

V is an me-preserving Borel automorphism of E,

4-5) and V?x =x for every x €E,
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4.6) Vx ERyx) foreveryx €E,

4.7 (Vx),=x, foreveryx €E and i = M(y),
and

4.8) foreveryx EE, o¢(Vx);# ¢(x); forsomej=0.

Since a* =« on Xp \ N we can find, for ms-a.e. x € X;, and for every m >0, a
point x' € X, such that x = x| for all i = m, but @(x),# @(x'); for some j =0.
An elementary argument allows us to choose, for every m >0, an automorphism
W,, € F3(P, M(;)+ m) such that W2 =1 (the identity map on X,) and there
exists, for mp-a.e. x € X5, and integer j =0 with ¢(W,.x);# ¢(x),. Assume that
F =X \E has positive measure. Since lim, ms(W,FAF)=0 and hence
lim,, mp(W,.F N F)= mp(F)>0, we can choose an integer m’' >0 and a Borel
set B such that mp(B)>0, W,BNB={ and W,,BUBCF. Let E'=
E U W,,.B and define a Borel automorphism V': E'— E’ by setting V'x = Vx
for x €E and V'x = W,.x for x € BU W, B. The automorphism V' satisfies
(4.5)-(4.8) with E' replacing E. A countable transfinite induction argument
shows that there exists a Borel set ECX, with mp(E)=1 and a Borel
automorphism V of E satisfying (4.5)-(4.8). As we have pointed out earlier this
implies that a%(x) <« for mp-a.e. x € X. Similarly one proves that mi <
mp-a.e. U

42. CorROLLARY. Let P and Q be irreducible, stochastic matrices and let
¢ : Xp = X, be an isomorphism of the Markov shifts Tp and To. The map ¢ is an
almost continuous hyperbolic structure homomorphism if and only if there exists
a null set Np CXp and functions a%, m%:Xe\ Ny —N such that, for all
x, x' € Xp \ Np,

4.9) o(x);=¢(x');, forallj=0 wheneverx.=x; foralli=a’(x)
and
(4.10) o@(x);=@(x"); forallj=0 wheneverx,=x foralli= —mi(x).

4.3. CoroLLARY. Let P and Q be irreducible, stochastic matrices and let
¢ : Xp — X, be a finitary isomorphism of the Markov shifts Tp and To. Define
a*, m*%: Xy \N, >NU{} and, by analogy, a;-, my-1: Xp\No —>NU {5} by
(2.3-(2.8). The following conditions are equivalent:

(1) ¢ is hyperbolic structure preserving,

(2) the functions a%, m% and a1, m;~ are finite mp-a.e. on Xp and Xo,
respectively.
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5. The B-function and other invariants

Let P=(P(i,i"),1=i,i'= k), k =2, be an irreducible, stochastic matrix. For
every t ER we write PY=(P(i,i'),1=14,i' = k) for the matrix obtained by
raising every nonzero entry of P to the power t. Following [15] we denote by
Br (1) the maximal eigenvalue of P*. The function B, : R— R is analytic (cf. {10])
and plays an important role in certain coding problems of Markov shifts (cf. [10],
[13] and [15]). We shall need the following characterization of Bp, which is an
immediate consequence of [10]: for every x € X5, t ER,

(5.1) Be(t) =1lim { D P(xj,x1) - P(x)_,, x’n)‘}”n,

n x' € Wi(P0)N Wx(P,n)

and the limit in (5.1) is uniform in x.

5.1. THEOREM. Let P and Q be irreducible, stochastic matrices and let T and
To be the Markov shifts on (Xp, mp) and (Xo, mo ), respectively. Assume that there
exists an almost continuous isomorphism ¢ : X, — X, of Tp and Tq which is a
hyperbolic structure homomorphism. Then Bp(t) = Bo(t) for every t ER.

Proor. According to Theorem 4.1 the functions a and m are finite mp-a.e.
As in [9] and [13] we choose an integer M >0 and a cylinder set C =
lioy.. ., iom]-m CXp with the property that D=CnN{x € Xp:aj(x)=
M, my(x)= M} has positive measure. For every n =0 we set

(5.2) Dn)= U  WYP,M)N WYP,n—M)

x€DNTP"
and define a map V, : D(n)— X, by setting
5.3) (Vx)i=x fori=0 and (V.x)=x., foriz0.

Note that, for every x € D(n), (Vx), = x; forall i=a’(x)=M and (V.x), =
(Tex); forall i =2 — m%(Trx)= — M. From (2.13) and (2.14) it is clear that there
exists a null set N CX; such that, for every n =0 and every x € D(n)\ N,

5.4) e(V.x), = o(x); forall j =0,
(5.5) (VX)) = ¢(x);4n forail j =0,
and

(5.6) (WP, M)N WP, n — M))CWe(Q,0)N W, y(Q, n).

Since ¢ is measure preserving, and since (x, V,.x) € R, for every x € D(n)\ N,
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(5.4) and (5.5) allow us to assume that
dmp(x)/de(an) = P(x(), xl) e P(xn—l’ x")
6.7 = dmo (¢ (x))/dmo(¢(V.x))

= Qe(x)o, @(x)) -+ Q@ (x)-1, (x))
for every n =1 and every x € D(n)\ N (cf. (3.11) and (3.12)). Hence we have,
for every tER, n =1 and x € D{(n)\ N,

1/n
(5.8) P(xo, x1)' -~ P(x:.—x,x:.)'}

{ X' EWL(P.M)NWE(P.n—M)

<

t/n
Q(YO, )’1)‘ tee Q(yn-h yn)‘} .

{ YEW &) (Q. 0N W 54x (Qun)

An easy calculation shows that, for every ¢ >0, there exists an integer n' >0
+with

(5.9)

1/n
P(xo, x1) -+ P(xps, x:.)'}

{ x'€ WE(P.MINW3(Pn—M)

ln
P(xo,x1) -+ P(xn, XL)'} <e

{ X'EWE(PONWL(P,n)

for every n = n’ and every x € D(n). By comparing (5.8) and (5.9) with (5.1) we
conclude that B, (1) = Bo(?), as claimed. a

5.2. CoroLLARY [13). Let P and Q be irreducible, stochastic matrices and let
Tp and T, be the corresponding Markov shifts on (X, mp) and (Xo, mo),
respectively. Assume that there exists a finitary, hyperbolic structure preserving
isomorphism ¢ : Xp — Xo of T and To. Then Bp(t) = Bo(t) for every t ER.

5.3. CoroLLAry [13]. Let p =(p(1),...,p(k)) and q=(q(1),...,q(1)) be
probability vectors with all entries nonzero and let Tp and T, be the Bernoulli shifts
based on p and q, respectively. Assume that there exists a finitary, hyperbolic
structure preserving isomorphism ¢ of Tp and T,. Then k = | and q is obtained by
permuting the entries of p.

Let P=(P(i,i'),1=1i,i = k)be an irreducible, stochastic matrix and let I'; be
the multiplicative group of positive real numbers consisting of all ratios of the
form

(5.10) [1 PGyi) / 1 PG it

O=s=m

withmn>0,1=1,i.=k, iy =i, = iy = i}.1, and such that both the numerator
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and the denominator in (5.10) are nonzero. The subgroup of I'» consisting of all
ratios of the form (5.10) with m = n will be denoted by A, (cf. [7] and [9]). We
also recall from [9] that the quotient group I'» /A; is cyclic: there exists a positive
real number ¢ with

(5.11) <I]m P(i., i.+1) € cFAp

whenever m >0, 1 =i, =k, iy = i,,, and P(io, i,)* * * P(in-1, 1) >0. Now let Q be
a second irreducible, stochastic matrix, denote by I'g, Ao and ¢, the correspond-
ing objects for Q, and assume that there exists an almost continuous isomor-
phism ¢ : X — X, of the Markov shifts T, and To which is a hyperbolic
structure homomorphism. Remark 2.2 in [14] shows that I', CI'g, Ap CAp and
c#Ap C cbAo, where d denotes the period of P (and Q), and from Theorem 4.1
in this paper we know that B.(t)= Bo(t) for every t ER. We conclude this
section with some examples of pairs of Markov shifts T, and T, which do not
admit any (almost continuous) hyperbolic structure homomorphisms (and, in
particular, no finitary isomorphisms with finite expected code length)
¢ Xp— Xo.

5.4. ExampLE (Meshalkin). Let T, and T, be Bernoulli shifts based on the
probability vectors p=(, %, %, & #) and q =G, 3, 4, 1), respectively. Then
I, ={2":n€Z}, Ty ={4": n EZ}, so there cannot exist a hyperbolic structure
homomorphism ¢ : Xp — X, (cf. [7]).

5.5. ExampLE. Let p =, }, 1, 12 *&) (the notation 12 * & indicates 12 entries
p

all of which are equal to ), ¢ =@, i, 6*35, 8%135), and let T, and Ty be the
associated Bernoulli shifts. Then Tp=To=Ar=Ac={2":nE€Z}, and
Be(t)—Bo(t)=16""-(1-2-27"Y. Since Br(0) < Bo(0) and Br(2) > Bo(2), there
exist no isomorphisms ¢ : X, — X, of these shifts which are almost continuous
hyperbolic structure homomorphisms in either direction.

5.6. ExampLe ([3]). Letp =G, & 2%%%, 3, 25 * &, 13, 18%3%), ¢ = G, & 16, 9 * 35,
&, 33*5, 2#35%), and let T, and T, be the Bernoulli shifts based on these
vectors. Then Tp=To=A,=A0={2":n€Z} and Be(t)—Po(t)=
16-(1-2:27)Y=0 for all tER, and there cannot exist an isomorphism
¢:Xp—>Xo of Tp and T, such that ¢ is an almost continuous hyperbolic
structure homomorphism.

In all these examples there exists a finitary isomorphism ¢ : Xp — X, of the
Bernoulli shifts T, and To, since the shifts have equal entropy (cf. [6]).
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6. Gibbs measures and Axiom A diffeomorphisms

Let P=(P(i,i"),1 =i,i’ = k) be an irreducible 0-1 matrix and let the corres-
ponding shift space X, the shift Tp, and the equivalence relations R, and Ry be
given exactly as in the case of a stochastic matrix P. For every continuous
function g : X, — R and every n =0 we put

var,(g)=sup{| g(x)—g(x)|:x,x' € Xp and x, = x'forall | i | = n}.

A continuous g : X, — R is said to have summable variation if X,cxvar,(g) <.
Now assume that g: X, —R has summable variation. We define, for every
x € Xp, m €Z, WP, m) and Wi(P,m) by (3.1) and (3.2) and observe that the
limit

1n
(6.1) @(g)=lim{ 3 en( 3 g(T:»x'))}
' EWH(PONWI(P.n)

n O=s<n

exists for every x € Xp and is uniform and constant in x. The number %(g)
appearing in (6.1) is called the pressure of the function g (cf. [12], [16]).
Furthermore, ez | g(Trx)— g(Tix')| < for every (x,x’)E R}, and there
exists a unique Tp-invariant probability measure u, on X, which is quasi-
invariant under the equivalence relation R, and whose Radon-Nikodyn deriva-
tive r, is given by

re (%, X') = dpg (x)/ dpay (x')
(62) =exp { 2, (8(Te ™) = g(T& ™" xN+ 2 _[eTw)~2(g)]

- 3 1s(Ti)- P+ S@(TEm) - g(TE7x))|
for every (x,x") € Rp, where m, m’, n, n’ are natural numbers satisfying
(63) Xom-s = x:m’—s and Xnts = x;'+s

for all s =0 (cf. (3.11) and (3.12), [5] and [12]). The measure pu, is called the
Gibbs measure (or equilibrium state) defined by the function g : X, - R (cf. {1},
[12], [16]). We denote by G, (F;) the groups of all nonsingular automorphisms V
of (X5, i) With the property that Vx € Rp(x) (Vx € RHx)) for p,-ae. x € Xe.
Note that the group F, may not contain any measure preserving elements other
than the identity transformation 1 on X, We define the information cocycle
$. : P, —R for the Gibbs measure pu, by setting

(64) Fxx)= 3 (g(T)=2(@))= 2 [8(Tix)=P(g)]

=s<n

+ ;)(g(Tif"x) - g(T3™"'x"))
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for every (x,x")E R, satisfying (6.3) (this definition simplifies notation and
differs from the usual one by a coboundary — cf. [4] and [5]). Finally we
introduce the B-function B8, : R— R. given by

6.5) B ()= P(t-[g — P(g))), tER (cf. (6.1), 4] and [5})).

If Q=(Q(,j),1=j,j=1)is a second irreducible 0-1 matrix, h: Xo —»R a
function with summable variation, and p, the corresponding Givvs measure on
Xo, consider a measure preserving isomorphism ¢ : (Xp, pg)— (Xo, un) satisfy-
ing (2.2). The isomorphism ¢ is said to be almost continuous, a hyperbolic
structure homomorphism or a hyperbolic structure preserving isomorphism of
the shifts T, and T, if it satisfies (2.3)}-(2.5), (3.5)-(3.6), or (3.7}(3.8), respec-
tively.

6.1. THEOREM. Let P and Q be irreducible 0-1 matrices, Tp and T, the
corresponding shifts on the spaces Xp and Xo, g: Xp—R and h:Xo,—R
functions with summable variation, and p, and p, the associated Gibbs measures
on the spaces X, and X, respectively. A measure preserving isomorphism
@ : (Xp, g)— (Xo, pn) of Te and Ty is an almost continuous hyperbolic structure
homomorphism if and only if there exists a null set N, C Xy and functions a?,
m¥: Xp \ N, = N such that (4.9) and (4.10) are satisfied for all x, x' € Xp \ N,.

The proof of Theorem 6.1 is a minor modification of that of Theorem 4.1 and
Corollary 4.2, allowing for the possible nonexistence of measure preserving
transformations in F,. For every 8 >0 we can choose the automorphism V in
(4.4) to satisfy that | du,V/dp, — 1| < 8 u,-a.e. If § is sufficiently small we obtain
the same contradiction which proves Theorem 4.1. The following Theorems 6.2
and 6.3 are due to A. Harding [5] in the special case of finitary isomorphisms
with finite expected code lengths.

6.2. THEOREM. Let P and Q be irreducible 0-1 matrices, T, and T, the
corresponding shifts on the spaces Xr and Xo, g: Xe—R and h:X,—R
functions with summable variation, and p, and p,, the associated Gibbs measures
on the spaces Xp and Xo, respectively. Assume that there exists a measure
preserving isomorphism ¢ : (X,, ) — (Xo, s ) of Tp and To which is a hyperbolic
structure homomorphism. Then one can find a measurable function f: Xp —>R
and a null set N C X, such that

(6.6) Fo(x,x") = Fi(@(x), @(x") + f(x) = f(x')
for every (x,x')E Re\N X N. In other words, the cocycles $, and ¢, 9. are
cohomologous (cf. [14], Remark 3.4).
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The proof of Theorem 6.2 is analogous to the proof of Theorem 3.1 in [14] and
will be omitted. For finitary isomorphisms with finite expected code lengths a
detailed proof can be found in [5]. We remark in passing that equation (6.6)
allows us to conclude that the information variance is an invariant of hyperbolic
structure preserving maps (cf. [14], Remark 3.2).

6.3. THEOREM. Let P and Q be irreducible 0-1 matrices, Ty and T, the
corresponding shifts on the spaces X, and Xo, g:Xe—R and h:X,—R
functions with summable variation, and p, and p, the associated Gibbs measures
on the spaces Xp and Xo, respectively. Assume that there exists an almost
continuous measure preserving isomorphism ¢ : {Xp, s )— (Xo, ) 0f Tp and Tg
which is a hyperbolic structure homomorphism. Then B,(t) = B.(t) foreveryt ER.

Proor. This is proved in exactly the same way as Theorem 5.1. We define
D(n), n 20, by (5.2) and obtain (5.3)-(5.6). Since

i ()i (Vo) = exp | 2 (&(Tx) = 8TV + S, [8(T3)- P(@)

+ 2 (8(Tix)— g(T5 " Vx))

sZn

(cf. (6.2)), it follows that
67) Ce)*exp] 3 8(Tin)~ P(@)] = duns (Ve (Vo)

cr-ew| 3 [T~ 2@

O=s<n

and, similarly, that

Cly*-exp| 3 [h(Top(x)) = 0]} Sdin (o () (Vo)

=s<n

(6.8) = C(h)*-exp { 0;( [A(T5Hx) - @(h)]}

for every n 21 and x € D(n)\ N, where C(g)=exp{Z.cnvar,(g)} and C(h)=
exp{Z,envar,(h)}. When combining (6.5) and (6.6) with the assumption that
e ' = w, we conclude that

exp {Ognlg(ﬁﬂ— Wg)]} = C(g)*- C(h)'-exp {Ogsgn[h('l"iﬂp(x))— g’(h)]}
(6.9)

foreveryn = 1andevery x € D(n)\N.ForeverytER, n =1, x € D(n)\ N we
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thus have that

Lzt 2 1sm-2@)
(6.10)

= cey - co| expt( 3 (h(Toy)-2(m)) |-

Yy E W) QO)NW g (Qun)

For every £ >0 there exists an integer n' >0 with

1/n
{ cnt: expz-( 2, g ;x')—@(gn)}
X' EWy (PMINW(P,n—M) O=s<n

6.11)
< g

expi-( 3 (8- 2 |

0=s<n

{ ' EWL(PONWi(P,n)

for every n = n’ and x € D(n). The proof now follows from (6.1), (6.5), (6.10)
and (6.11). 0

6.4. COROLLARY ([5]). Let P and Q be irreducible 0-1 matrices, T and T, the
corresponding shifts on the spaces X and Xo, §: Xp—>R and h:Xo—R
functions with summable variation, and p, and w, the associated Gibbs measures
on the spaces Xp and Xo, respectively. Assume that there exists a finitary,
hyperbolic structure preserving isomorphism ¢ : (Xp, pg)— (Xo, ) of Te and To.
Then B,(t) = B.(t) for every t ER.

6.5. ProBLEM. Do there exist satisfactory and computable-analogues of the
groups I'» and A, for Gibbs measures?

The invariants derived in this section (i.e. the cohomology class of #, and the
function S3,) indicate that one cannot — in general — find (finitary) hyperbolic
structure preserving isomorphisms between Markov shifts T, and T, which send
a specified Gibbs measure p, on X to a specified Gibbs measure w, on Xo, even
if the entropies and periods of the shifts coincide. Nevertheless there exist some
natural examples of such isomorphisms which arise in a geometric context (for
notation, terminology and details we refer to [2] and [12]). Let € be a basic set of
a C? Axiom A diffeomorphism f, x : — R a Holder continuous function, and v,
the unique equilibrium state of f on () determined by y. Choose a Markov
partition ? ={R,,..., R} of Q of sufficiently small diameter such that ? is a
generator (we shall call such a partition a Markov generator of f on (), denote
by P the 0-1 matrix corresponding to ? and write T, for the shift on the
associated shift space Xp. The obvious projection 8 : X, — () is continuous and
surjective, and the function g = x - 8 on X, has summable variation. The Gibbs
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measure p, on X, satisfies that u,60~' = vy, and there exists a vx-null set N CQ
such that the restriction of 8 to X, \ 87'(N) is a homeomorphism of X, \ 87(N)
onto Q\ N. Since 2 is a Markov partition there exists a null set N’ in ) such that
O(Wi\ 0 (N"))= Wi\ N' and 9(W:\ 07 '(N'))= Wi, \ N’ for every x € Xp,
where W, and W denote the stable and unstable manifolds in €} of a point
w € (). The following results are now obvious.

6.6. ProposITION. Let Q be a basic set of a C* Axiom A diffeomorphism f,
X : Q2= R a Holder continuous function, and v, the unique equilibrium state of f
determined by x. Let P and 9 be Markov generators of f on Q) and let Ty and T, be
the shifts on the shift spaces X, and X, corresponding to P and 9. Denote by
0 : Xy — Q) the natural projection maps, put g = x - 6, h = x - ), and write u, and
mn for the Gibbs measures on Xp and X, corresponding to g and h, respectively.
Then there exists a measure preserving isomorphism ¢ : (Xe, ps )= (Xo, ur) of the
shifts T, and To which is finitary and hyperbolic structure preserving.

6.7. THEOREM. Consider two C* Axiom A diffeomorphisms f, restricted to
basic sets (), with equilibrium states v; arising from Hélder continuous functions
Xi : Q; > R. The following conditions are equivalent.

(1) There exist Markov generators P; of f, on ), such that the associated Markov
shifts T; on the shift spaces (X, w;) arising from P, i = 1,2 (cf. Proposition 6.6)
are isomorphic via a finitary, hyperbolic structure preserving isomorphism.

(2) For all Markov generators P; of f, on Q,, i =1,2, the associated Markov
shifts T, on the shift spaces (X, w;) arising from P, i = 1,2, are isomorphic via
finitary, hyperbolic structure preserving isomorphisms.

(3) There exist v;-null sets N; CQ); and a homeomorphism ¢ : Q; \ N,— Q,\ N,
such that viy™" = vy, Y(fiw) = foh(w) for every € Y\ Ny, and y(WL\N)) =
Wi\ Noy (WEAN) = Wi)\ N, for every o €Q,.

6.8. ExaMpLE. The Reversibility of Linear Hyperbolic Toral Automorphisms.
Let A be a linear hyperbolic automorphism of the n-torus R"/Z" with Lebesgue
measure A. We write W, and W, for the stable and unstable manifolds of a point
® ER"/Z" under A. Then there exists a null set NCR"/Z" and a Lebesgue
measure preserving homeomorphism ¢ :R"/Z"\N—R"/Z"\N such that
P(Aw)=A""Y(0) for every w€R"/Z'\N, ¢$(W,\N)= Wi, \N, and
Y(WoAN)= Wi,\N for every w ER"/Z" (note that W and W;, are the
stable and unstable manifolds, respectively, of A ™). The existence of such a map
is quite interesting, since W, and W may have different dimensions. In order to
prove the existence of ¢, choose a Markov generator ? of () and consider the
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associated Markov shift T, on the shift space X, with natural projection
7 : Xp — (). We denote by u the measure of maximal entropy on Xp (which is
Markov) and observe that un ' = A. The existence of the map ¢ described above
follows from Theorem 6.7 and from the well known fact that there exists a p-null
set N'C Xp and a w-preserving homeomorphism ¢ : Xe \ N'— X, \ N' such that
¢ Tr=T;' ¢ on T, \N"and (W \N')= W\ N', (W;\N')= W\ N' for
every x € Xp, where W, and WY denote the stable and unstable manifolds of a
point x € X,

An example of such a map ¢ (due to R. Butler [3] and W. Parry — cf. [11], p.
52) can be obtained as follows: if P = (P(i,i"),1=ii'= k), k 2, is an arbitrary,
irreducible Markov matrix and T, the Markov shift on the shift space X, with
Markov measure mp, put N' = M, (U,,;,,, 1].N U,,;,,.[l]_,.), where [1]; =
{x € X, : x; = 1}. By using the symbol ““1”’ as a marker, every x € X, \ N’ can be
written as

cesdoaty e, i—z,,'(—z)’ Loy e ooy bonje=ms boas o oo bojoys Lists -« s Lijays B2t oo o5 L2j2)s o o o s
(6.12)

where 1 = j(n) <o, i,;#1forl1=j<j(n),and i, ;. =1forall n €EZ, and where
the zero coordinate of x lies amongst the coordinates iy, . . ., in;@. For x given
by (6.12) we define ¢(x) by

ey s ey B2y iy - -5 By i()_l, ey i(l,j(())y i_]‘l, e o=t -2ty e e ey Lo2j-2)9e+- -

If the zero coordinate of x is iy,, 1 = s < j(0), then ¢(x) has the zero coordinate
ioj0y—s 3 if x has zero coordinate i), the zero coordinate of ¢(x) is defined to be
ijar The map ¢:Xp\N'— X, \N' is obviously a measure preserving
homeomorphism with @(W AN )= WIAN', ¢(WIAN)=WIAN for every
x € Xp, and such that ¢ - T, = T:' - ¢ on Xp\N'.

6.9. PROBLEM. Let P be an irreducible 0-1 matrix, T, the corresponding
Markov shift on the shift space X, g:Xr—R a function with summable
variation, and p, the corresponding Gibbs measure on X,. Does there exist a
pe-null set NCX, and a hormeomorphism ¢ :Xp\N— X\ N such that
¢ To=Tp-¢ on Xp\N and ¢(W;\N)= Wi ,\N, o(WAN)= W, ,\N for
every x € X, i.e. are Tp and T3' isomorphic via a finitary, hyperbolic structure
preserving isomorphism ¢ : (Xp, p, )= (Xp, pe)? If such an isomorphism always
exists then Theorem 6.7 implies that every C* Axiom A diffeomorphism f,
restricted to a basic set (), with equilibrium state », arising from Holder
continuous functions x : Q— R, is reversible in the sense of Example 6.8.
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